Abstract. We give a finite presentation for the braid twist group of a decorated surface. If the decorated surface arises from a triangulated marked surface without punctures, we obtain a finite presentation for the spherical twist group of the associated 3-Calabi-Yau category. In the sequel, the result will be used to prove that the (principal component of) space of stability conditions on the 3-Calabi-Yau category is simply connected.
1. Introduction 1.1. Motivation. In Bridgeland-Smith's seminal work [3] , they establish a connection between Teichmüller theory and theory of stability conditions on triangulated categories. More precisely, they prove that
Stab
• D(S)/ Aut D(S) ∼ = Quad(S), (1.1) where Quad(S) is the moduli space of (signed) quadratic differentials on a marked surface S, D(S) the 3-Calabi-Yau category associated to S, Aut D(S) the auto-equivalence group of D(S) and Stab • D(S) the space of stability conditions on D(S). Their motivations are coming from string theory in physics, Donaldson-Thomas theory and (homological) mirror symmetry (cf. [7] , [21] and [17] ).
We are interested in the symmetry groups in the formula (1.1), in particular, the spherical twist group ST D(S) ⊂ Aut D(S) that sits in the short exact sequence Such spherical twist groups were first study by Khovanov-Seidel-Thomas [16, 20] from two sides of the homological mirror symmetry in the case when S is a disk. In the prequel [17] , we introduce the decorated marked surface S △ (for S unpunctured) and show that ([17, Theorem 1]) ST D(S) is isomorphic to the braid twist group BT(S △ ) ⊂ MCG(S △ ), where MCG(S △ ) is the mapping class group of S △ consisting of the isotopy classes of orientation-preserving homeomorphisms of S △ that fix the boundary ∂S △ pointwise and preserves the set △ of decorating points as a set. In this paper, we give finite presentations for these twist groups, which will play a key role in the proof of simply connectedness of Stab
• D(S) in the sequel [15] .
1.2.
Braid groups via quivers with potential. Artin's braid group B ℵ (of type A ℵ−1 ) can be defined (topologically) as MCG(D ℵ ), where D ℵ is a disk D with ℵ decorating points. A natural generalization of this definition is: given a decorated surface S ℵ , which is a pair of a compact connected oriented surface S and a set of ℵ decorating points in the interior of S, the surface braid group SBr(S ℵ ) is the subgroup of the mapping class group MCG(S ℵ ) of S ℵ that sits in the short exact sequence 1 → SBr(S ℵ ) → MCG(S ℵ ) → MCG(S) → 1, cf. [10, § 2.4 (5)]. Note that finite presentations of the mapping class group MCG(S ℵ ) of a general decorated surface have been heavily studied (cf. [5] ) and finite presentations of the surface braid group SBr(S ℵ ) have been calculated by Bellingeri [1] . For our purpose, we are interested in the categorical/symplectic generalization of braid group, the spherical twist group ST D(S) mentioned above. When realizing D(S) as a subcategory of the derived Fukaya category of certain symplectic (complex) 3-fold ( [21] ), generators of ST D(S) become high Dehn twists along Langrangian spheres. There are not many tools to deal with ST D(S) when regarding it as an auto-equivalence group or a symplectic automorphism group. One strategy, as mentioned above, is to identify ST D(S) with BT(S △ ). This braid twist group BT(S △ ) is in fact a subgroup of the surface braid group SBr(S ℵ ) for S ℵ = S △ .
The key ingredient in our presentations is quivers with potential in the cluster theory. They were introduced by Derksen-Weyman-Zelevinsky [4] in general case and were developed by Fomin-Sharpiro-Thurston [6] and Labardini-Fragoso [11] for the marked surfaces case. To define D(S), given a triangulation T of S, there is an associated quiver with potential (Q T , W T ) whose vertices are the arcs in T. Then D(S) ≃ D(Γ T ) is the finite dimensional derived category of the Ginzburg dg algebra Γ T = Γ(Q T , W T ). There is a preferable set of generators for the corresponding spherical twist group ST D(Γ T ) (cf. [14, Corollary 8.4 ]), which is indexed by the vertices of the quiver Q T . It is natural to try to find the relations w.r.t. this set of generators.
In the classical case, the following Artin's presentation is well-known.
• The braid group B ℵ admits a presentation, whose generators are σ i , 1 ≤ i ≤ ℵ−1, and whose relations are Co(σ i , σ j ) for |i − j| = 1 and Br(σ i , σ j ) for |i − j| = 1 (cf. the notation in Section 1.3).
By [16, 20] we know that the spherical twist group of a type A quiver (with zero potential) is isomorphic to B ℵ and hence the relations are the ones above. In the case when a quiver with potential (Q, W ) is mutation equivalent to a Dynkin quiver ∇ (with zero potential), Grant-Marsh [9] has calculated the corresponding presentation for the braid group Br(Q, W ) ∼ = Br(∇), which was also stated in the prequel ( [17, Proposition 10.3] ). Moreover, Qiu-Woolf [18] shows that the braid group Br(∇) is indeed isomorphic to the corresponding spherical twist group ST D(Γ(Q, W )) and hence all relations are found. In this paper, our main goal is to give relations w.r.t. the preferable set of generators for a spherical twist group ST D(Γ T ). Note that the main difficulty lies in showing the predicted relations in [17] are enough (in some good cases). The result is in the same line of the faithfulness of spherical twist actions in [16, 20, 18 ].
Context and notations.
The paper is organized as follows. In Section 2, we review the background of braid/spherical twist groups and surface braid groups. In Section 3, we give an alternative presentation of the surface braid group. In Section 4, we find a first finite presentation of the braid twist group of a general decorated surface S ℵ . In Section 5, we calculate finite presentations for braid/spherical twist groups of a decorated marked surface S △ w.r.t. quivers with potential. The main results/presentations are Theorem 4.8: A finite presentation for the braid twist group BT(S ℵ ). Theorem 5.6: A finite presentation for the braid twist group BT(S △ ) with respect to a given triangulation T. Corollary 5.8: A finite presentation for the spherical twist group ST(Γ T ) with respect to the quiver with potential (Q T , W T ). Theorem 5.9: Infinite presentations for BT(S △ ) and ST(Γ T ) with only conjugation relations. We have the following conventions.
• Composition: Our convention of composition is from left to right (as product). So for two (spherical) functors, we will write φ 1 φ 2 for φ 2 • φ 1 . Note that this is different from the composition convention in [17] .
• Inverse: s = s −1 .
• Conjugation: a b = bab. The easy formula (a b ) = a b will be used frequently. And we will use the following notation for relations throughout this paper.
Co(a, b) : ab = ba Br(a, b) : aba = bab SCo(x; a, b) : xaxbx = bxa Tr(a, b, c) : abca = bcab = cabc.
Preliminaries
2.1. Decorated surfaces and two braid groups. Let S be a compact connected oriented surface with non-empty boundary. Up to homeomorphism, S is determined by the following data • its genus g;
• the number b of connected components of the boundary ∂S. A decorated surface S ℵ is the surface obtained from S by decorating ℵ points in the interior of S. We denote by △ = {Z 1 , · · · , Z ℵ } the set of decorating points in S ℵ .
The mapping class group MCG(S ℵ ) is the group of isotopy classes of orientationpreserving homeomorphisms of S, where all homeomorphisms and isotopies are required to: i) fix ∂S pointwise; ii) fix the decorating points set △ (so the points in △ are allowed to be permuted). We are interested in two types of twists in MCG(S ℵ ). Definition 2.1 (Braid twist). A closed arc in S ℵ is a curve (up to isotopy) in S whose interior lies in S − △ and whose endpoints are different decorating points in △. Denote by CA(S ℵ ) the set of simple closed arcs in S ℵ . For any closed arc η ∈ CA(S ℵ ), there is the (positive) braid twist B η ∈ MCG(S ℵ ) along η, which is shown in Figure 1 . Throughout the paper, we will also use η to denote its negative braid twist B η when there is no confusion.
It is well-known that braid twists satisfy the following three types of relations. Figure 10 ).
Remark 2.3 (Conjugation)
. For an element Ψ in MCG(S ℵ ) and a closed arc η ∈ CA(S ℵ ), we have the following relation in MCG(S ℵ ):
Definition 2.4. The braid twist group BT(S ℵ ) of a decorated surface S ℵ is the subgroup of MCG(S ℵ ) generated by the braid twists of the simple closed arcs in CA(S ℵ ).
Definition 2.5. An L-arc δ in S ℵ is an oriented curve (up to isotopy) in S whose interior lies in S − △, whose endpoints coincide at a decorating point Z in △ and which is not isotopic to Z. For any simple L-arc δ, there is a twist (also denoted by δ) inside MCG(S ℵ ), moving the point Z clockwise along δ as shown in Figure 2 .
• • Z δ Figure 2 . The twist along an L-arc
There are several equivalent definitions of surface braid group (the most common one is via configuration space). We will take the following one as it suits our purpose better. Definition 2.6. The surface braid group SBr(S ℵ ) of S ℵ is the subgroup of MCG(S ℵ ) generated by the twists of the simple L-arcs and the simple closed arcs there.
And here is a presentation of SBr(S ℵ ) as follows, where
Proposition 2.7 ([2]
). The group SBr(S ℵ ) admits the following presentation.
• Generators: Figure 3 ). 2.2. Decorated marked surfaces and quivers with potential. A marked surface S without punctures in the sense of [6] is a pair (S, M) of a compact connected oriented surface S with non-empty boundary and a finite set M of marked points on the boundary ∂S satisfying that each connected component of ∂S contains at least one marked point. As mentioned in the previous subsection, S is determined by its genus g and the number b of its boundary components. An (open) arc in S is a curve (up to isotopy) on S whose interior lies in S − ∂S, whose endpoints are marked points in M, and which is neither homotopic to a boundary segment nor to a point. A triangulation T of S is a maximal collection of simple arcs in S which do not cross each other in the interior of S. It is well-known that any triangulation T of S consists of n = 6g + 3b + |M| − 6 arcs and divides S into decorating points in the interior of S. A triangulation T of S △ is induced by a triangulation of S such that each triangle contains exactly one decorating point.
Remark 2.9. For a decorated marked surface S △ = (S, M, ∆), when forgetting the marked points, it becomes a decorated surface S ℵ (with ℵ = 2n+|M| 3
). In this case, let BT(S △ ) : = BT(S ℵ ) and MCG(S △ ) : = MCG(S ℵ ).
On the other hand, one can turn a decorated surface S ℵ into a decorated marked surface S △ , by adding certain number of marked points, when ℵ ≥ 4g + 3b − 4.
Let T be a triangulation of S △ . Then there is an associated quiver Q T with a potential W T , constructed as follows (see, e.g. [6] and [11] for the precise definition):
• the vertices of Q T are (indexed by) the arcs in T;
• for each triangle in T, there are three arrows between the corresponding vertices as shown in Figure 4 ; • these three arrows form a 3-cycle in Q T and W T is the sum of all such 3-cycles.
• • • Figure 4 . The (sub-)quiver (with a potential) associated to a triangle For any arc γ ∈ T, the dual γ * = γ * T of γ w.r.t. T is the unique closed arc in CA(S △ ) which intersects γ once and does not intersect any other arcs in T. Let T * be the dual of T, that is, T * consists of the duals of the arcs in T.
Lemma 2.10. [17, Proposition 4.13] When specifying a triangulation T of S △ , the group BT(T), generated by the braid twists η ∈ T * equals BT(S △ ). Definition 2.11. Let γ be an arc in a triangulation T of S △ . The arc γ ♭ = γ ♭ (T) is obtained from γ by clockwise moving its endpoint along the quadrilateral in T whose diagonal is γ (cf. Figure 10 ), to the next marked points. The backward flip of a triangulation T of S △ at γ ∈ T is the triangulation µ ♭ γ (T) obtained from T by replacing the arc γ with γ ♭ . Similarly, we have the notion of forward flip, which is the inverse of backward flip, e.g.
Due to [6, 11] , the quiver with potential associated to µ ♭ γ (T) (or µ ♯ γ (T)) is the mutation of the quiver with potential (Q T , W T ) at the vertex γ in the sense of [4] .
2.3. Spherical twists on 3-Calabi-Yau categories. Fix an algebraically closed field k. Denote by Γ = Γ(Q, W ) the Ginzburg dg k-algebra (of degree 3) [8] associated to a quiver with potential (Q, W ) and
is a 3-Calabi-Yau, Hom-finite, Krull-Schmidt, k-linear triangulated category. We also know that D f d (Γ) admits a canonical heart H Γ generated by the simple Γ-modules S e corresponding to the vertices e of Q. Each S e is (3-)spherical in the sense that
Recall from [20] that any spherical object S defines a twist functor
Denote by ST(Γ) the spherical twist group of D f d (Γ), which is the subgroup of Aut D f d (Γ) generated by the spherical twists of simple Γ-modules. For the quiver with potential (Q T , W T ) associated to a triangulation T of S △ , denote the corresponding Ginzburg dg algebra by Γ T . Due to [11, 12] , the category D f d (Γ T ) is independent of the chosen triangulation up to k-linear triangulated equivalence. Hence one can use D(S) to denote D f d (Γ T ). See [17] and the references there for more details.
3. An alternative presentation of surface braid group
We need an alternative (positive) presentation of SBr(S ℵ ), which is derived from the presentation in Proposition 2.7. Define ε r , 1 ≤ r ≤ 2g + b − 1, recursively by ε 1 = δ 1 , ε 2 = δ 2 and for r ≥ 3,
where 2N ≤g = {2h | 1 ≤ h ≤ g}. Conversely, we have δ 1 = ε 1 , δ 2 = ε 2 and for r ≥ 3, We show these new generators for SBr(S ℵ ) in Figure 5 , where, to make it reader friendly, we use the following notation:
Lemma 3.1. The group SBr(S ℵ ) admits the following presentation.
• Generators:
• Relations: for 1 ≤ i, j ≤ ℵ − 2 and 1 ≤ r, s ≤ 2g + b − 1,
Proof. We need to prove that the relations in Proposition 2.7 are equivalent to those in Lemma 3.1. The common relations are
Under these, it is easy to see the equivalence between Co(σ i , δ r ) and Co(σ i , ε r ). Now we prove that the relations in Proposition 2.7 imply the other relations in Lemma 3.1. First, we have a useful relation Co(δ σ 1 r , ε s ) for s < r with s / ∈ 2N ≤g − 1 or with s = r − 1, which follows inductively from Co(δ
To show Co(ε r , σ 1 ε r σ 1 ), use induction on r, starting with the trivial cases r = 1 and r = 2, where ε r = δ r . Assume Co(ε r , σ 1 ε r σ 1 ) holds for any r < t with some t > 2. Consider the case r = t. By construction, ε t = δ t ε t−x , where
t , δ t−x ) holds. Hence we have
To show Co(ε s , σ 1 ε r σ 1 ) for s < r with s / ∈ 2N ≤g − 1, fix s and use induction on r, starting with the trivial case r = s. Assume Co(ε s , σ 1 ε r σ 1 ) holds for any r < t with some t > s. Consider the case r = t. By construction, ε t = δ t ε t−x , where x = 1 if t / ∈ 2N ≤g or x = 2 otherwise. If t = s + 1 then t / ∈ 2N ≤g . So x = 1 and t − x = s. If t ≥ s + 2 then t − x ≥ t − 2 ≥ s. Hence we always have t − x ≥ s. Then we have
To show SCo(σ 1 ; ε r , ε s ) for s < r with s ∈ 2N ≤g − 1, fix s and use induction on r. Write s = 2i − 1 for some 1 ≤ i ≤ g. We first use induction on i to prove the case r = s + 1, starting with the trivial case i = 1, where ε s = δ 1 and ε r = δ 2 . Assume SCo(σ 1 ; ε 2i , ε 2i−1 ) holds for any i < j with some j > 1. Consider the case i = j. By construction, ε 2j−1 = δ 2j−1 ε 2j−2 and ε 2j = δ 2j ε 2j−2 . Then we have
Thus, the proof for the case r = s + 1 is complete. Assume now SCo(σ 1 ; ε r , ε s ) holds for any r < t with some t > s + 1. Consider the case r = t. By construction, ε t = δ t ε t−x , where x = 1 if t / ∈ 2N ≤g or x = 2 otherwise. If t = s + 2 then t / ∈ 2N ≤g . So x = 1 and t − x > s. if t > s + 2 then t − x ≥ t − 2 > s. Hence we always have t − x > s. Then we have
Conversely, we prove that the relations in Lemma 3.1 imply the other relations in Proposition 2.7. To show Co(δ r , σ 1 δ r σ 1 ), by construction, δ r = ε r ε r−x , where x = 1 if r / ∈ 2N ≤g or x = 2 if r ∈ 2N ≤g . In any case, we always have r − x / ∈ 2N ≤g − 1. Hence we have
We also need to prove the useful relation Co(δ σ 1 r , ε s ) for s < r with s / ∈ 2N ≤g − 1 or with s = r − 1. By construction, δ r = ε r ε r−x , where x = 1 if r / ∈ 2N ≤g or x = 2 if r ∈ 2N ≤g . If s / ∈ 2N ≤g − 1, it is easy to see that r − x ≥ s. Then we have
If s ∈ 2N ≤g − 1 and s = r − 1, it is easy to see that r − x > s. Then we have
To show Co(δ σ 1 r , δ s ) for s < r, with s / ∈ 2N ≤g − 1 or with s = r − 1, by construction, we have δ s = ε s ε s−x , where x = 1 or 2. It follows that s − x < r − 1. Hence we have Co(δ σ 1 r , ε s ) and Co(δ
To show SCo(σ 1 ; δ s+1 , δ s ) for s ∈ 2N ≤g − 1, by construction, we have δ s = ε s ε s−1 and δ s+1 = ε s+1 ε s−1 . Hence
4. A finite presentation for braid twist groups 4.1. Generators. Through this subsection, we assume ℵ ≥ 3. Set
We illustrate these closed arcs in Figure 6 , where similarly as in Figure 5 , we use the notation
Proof. Let N be the subgroup of BT(S ℵ ) generated by σ i , ω ±j and ν k . To complete the proof, we only need to show that the braid twist η is in N for any η ∈ CA(S ℵ ). Without loss of generality, suppose that Z 1 is an endpoint of η. Add a marked point on each boundary component of S ℵ and take the set T of open arcs in the upper picture in Figure 7 on S ℵ that divide S ℵ into two polygons: one
(denoted by L) contains the decorating point Z 1 and the other (denoted by R) contains other decorating points. Then the closed arcs (cf. the upper picture in Figure 7 )
form a 'dual' set T * of T in the sense that each of which intersect exactly one of the open arcs in T once. Note that − → A g consists of b open arcs (where b is the number of boundary components of S ℵ ), which are dual to one of ν k or ω g (cf. the lower picture in Figure 7 ).
Use induction on Int(η, T). The initial case is when Int(η, T) = 1. Without loss of generality, suppose that the intersection is on − → A 1 . Then the braid twist η and ω 1 (the dual of − → A 1 ) only differ by an element of
where R ℵ−1 is the right polygon R with decorating points Z i , 2 ≤ i ≤ ℵ. Therefore, η ∈ N . Now consider the case when Int(η, T) = m ≥ 2. Let Z q be the endpoint of η other than
Note that except L 0 and L m , L t has both endpoints in T. Choose a decorating point Z ∈ R that is not Z q and connect a line Figure 8 ). Then we can decompose η into α and β, where α is isotopy to l ∪ Y Z q and β is isotopy to l ∪ Y Z 1 such that:
• α, β ∈ CA(S ℵ ) whose intersection numbers with T are less than m.
• As braid twists, η = β α .
By inductive assumption, we have α, β ∈ N and hence η ∈ N as required.
Let H be the subgroup of SBr(S ℵ ) generated by ε r , 1 ≤ r ≤ 2g+b−1. We see that H is a free group, regarding H as the subgroup of the fundamental group π 1 (S △ − {Z 1 }, Z 1 ), where S △ −{Z 1 } is the surface obtained from S △ by forgetting Z 1 as a decorating point. Since BT(S ℵ ) is a normal subgroup of SBr(S ℵ ) (by Remark 2.3), there is an action of H on BT(S ℵ ) by conjugation. Set
by conjugation is given explicitly as follows.
if r < t and r ∈ 2N ≤g − 1; τ xτtσ 2 τt r if r > t and t / ∈ 2N ≤g − 1; τ xτtσ 2 τt r if r > t and t ∈ 2N ≤g − 1.
Proof. The first equality follows from (4.1) and (3.3) . To show the second equality, if r = t, we have
if r < t and r / ∈ 2N ≤g − 1, we have
==== σ
==== τ εt r ; if r < t and r ∈ 2N ≤g − 1, we have
if r > t and t / ∈ 2N ≤g − 1, we have
==== τ εt r ; if r > t and t ∈ 2N ≤g − 1, we have
4.2. Relations. Through this subsection, we assume ℵ ≥ 4. Set
The following relations hold in BT(S ℵ ):
Br(τ r , y) (4.8)
if s < r and s ∈ 2N ≤g − 1 (4.10)
Proof. All of these relations follows from Lemma 2.2 and Remark 2.3 (see Figure 6 and Figure 9 ).
To show that the relations in Lemma 4.3 are sufficient, consider a group N with the following presentation. Figure 9 . s < r and s / ∈ 2N ≤g − 1 on the left, s ∈ 2N ≤g − 1 on the right
• Relations:
Br( τ r , x) (4.14)
Br( τ r , y) We shall also need the following relations in N .
Lemma 4.4. The following relations also hold in N .
Co( x, y) (4.20) Br( τ r , τ
x s ).
To show (4.24), we have Denote by Λ the generating set
For any generator ε t of H, we associate a map ρ(ε t ) : Λ → N as follows (comparing with Lemma 4.2).
where
if r < t and r ∈ 2N ≤g − 1
if r > t and t / ∈ 2N ≤g − 1 τ x τt r if r > t and t ∈ 2N ≤g − 1 For the inverse ε t , we associate a map if r > t and t ∈ 2N ≤g − 1 Lemma 4.5. We have the following.
if r > t and t ∈ 2N ≤g − 1
Proof. For r = t, we have
For r < t and r / ∈ 2N ≤g − 1, we have
For r < t and r ∈ 2N ≤g − 1, we have
For r > t and t / ∈ 2N ≤g − 1, we have
For r > t and t ∈ 2N ≤g − 1, we have
Lemma 4.6. If both ρ(ε t ) and ρ(ε t ) induce endomorphisms of the group N for every 1 ≤ t ≤ 2g + b − 1, then there is a group isomorphism from N to BT(S ℵ ), sending σ i to σ i and sending τ r to τ r .
Proof. Use the same notation ρ(ε t ) and ρ(ε t ) to denote their induced endomorphisms of N respectively. We claim that ρ(ε t ) is an automorphism of N . Since it is clear that the elements ρ(ε t ).
For r = t, we have
For r > t and r / ∈ 2N ≤g − 1, we have
For r > t and r ∈ 2N ≤g − 1, we have = === = τ r .
Hence ρ(ε t ) • ρ(ε t ) is the identity of N . Thus, we complete the proof of the claim. Since H is generated freely by ε t , it follows that ρ induces an action of H on N . Let G = N ⋊ ρ H be the outer semidirect product of N and H with respect to ρ. Then G has a presentation whose generators are the union of the generators of N and the generators of H, and whose relations are the union of the relations of N and the relations x εt = ρ(ε t ).x for all x ∈ Λ.
By Lemma 4.3 and Lemma 4.2, it follows that there is a homomorphism Φ from G to SBr(S ℵ ) sending σ i to σ, sending τ r to τ r and sending ε r to ε r . By the relations in Lemma 3.1, ker Φ is generated by n s,t ε s ε r ε s ε r for some n s,t ∈ N and for 1 ≤ s < r ≤ 2g + b− 1. Since the subgroup ε s ε r ε s ε r | 1 ≤ s < r ≤ 2g + b− 1 of H is freely generated by its generators, we have that ker Φ ∩ N = ∅. Hence the homomorphism Φ restricting on N is injective. Therefore we get the required isomorphism.
Remark 4.7. By the above proof, we know that SBr(S ℵ ) is not the (inner) semidirect product of BT(S ℵ ) and H except S ℵ is a decorating disk or a decorating annulus. For a decorating disk, H is trivial; for a decorating annulus, this is the case in [13] .
To show that ϕ(ε t ) induces an endomorphism of N , we shall prove the following relations.
Similarly, to show that ϕ(ε t ) induces an endomorphism of N , we shall prove the following relations. • Generators:
• Relations: 
there are 3-cycles between {a, b, c}, {e, b, c} and {a, e, f } that contributes a term in W T , respectively.
The number of relations above is not minimal in general, see Lemma B.1, Lemma B.2 and Lemma B.7 for minimal relations in some special cases. Sometime we prefer this triangle relation Tr(a, b, c) since it can be generalized to the cyclic relation (see [17, Definition 10 .1], cf. [9] ). Note that if there are no double arrows in the quiver Q T , then only the first three types of relations (commutation/braid/triangle) occur.
Let T be a triangulation of S △ and T ′ the backward flip of T at γ ∈ T, i.e. T ′ = µ ♭ γ (T) (cf. Figure 10 ). By definition, T is the forward flip of T ′ at γ, i.e. T = µ γ (T ′ ). For any open arc α ∈ T, denote by α ′ the corresponding arc in T ′ . between the braid groups associated to the quivers with potential (Q T , W T ) and
Proposition 5.3. There are mutually inverse canonical isomorphisms
Proof. Note that θ is a group homomorphism and hence an isomorphism. First, we consider several special (local) cases, where we show that the images of the relations in Br(Q T ′ , W T ′ ) under θ −1 are equivalent to the relations in Br(Q T , W T ). In each case, the left quiver with potential is (a full sub-quiver of) Br(Q T , W T ) and the right quiver with potential is (the corresponding full sub-quiver) of the image of Br(Q T ′ , W T ′ ) under θ −1 . The common relations are listed on the top and an equivalence may use the common relations and the equivalences above it.
Case (I):
Consider the mutation in (5.1).
In the right quiver, a = θ −1 (a ′ ), c = θ −1 (c ′ ) and d = θ −1 (b ′ ) (and similar for the later cases). Lemma B.1 ensures that the relations on the left side are enough. 
For the mutation in (5.9), the equivalences are from (5.7).
For the mutation in (5.10), see Lemma B.8 for non-trivial calculations (of the last equivalence). ⇐⇒
For the mutation in (5.11), this is a combination of (5.4) for (a, b, c, e) and (5.2) for (f, b, e). Next, we consider general (global) cases. We shall use the following simple but crucial facts.
• Each vertex of Q T has at most two arrows in (resp. out).
• The numbers of arrows between two fixed vertices in (Q T , W T ) and (Q T ′ , W T ′ ) differ at most one.
• If there is a 3-cycle between vertices a, b, c, then the full subquiver with potential between these vertices is the left one in (5.1) or the left one in (5.2).
We claim that for any relation R in Br(Q T , W T ), θ(R) holds in Br(Q T ′ , W T ′ ). This will complete the proof. There are the following cases depending on the type of R w.r.t. Definition 5.1.
If there is exactly one arrow between c ′ , d ′ , then locally the mutation is the composition of the inverse of µ ♭ a in (5.1) with the conjugation by a and hence θ(R) holds. If there is no arrow between c ′ , d ′ , then we have Co(c ′ , d ′ ) and there are the following cases:
• Both θ(t) = t ′ for t = c, d and then Co(θ(c), θ(d)) holds.
• Both θ(t) = (t ′ ) γ ′ for t = c, d and then Co(θ(c),
So there are arrows from γ to d but no arrows from γ to c in Q T . As there no arrows from c ′ to d ′ in Q T ′ , there is no arrow from c to γ in Q T . So we have Co(c, γ) and then • Both θ(t) = t ′ for t = b, c and then Co(θ(c), θ(d)) holds.
• Both θ(t) = (t ′ ) γ ′ for t = b, c and then Co(θ(c), θ(d)) holds.
• If γ is not one of the vertices in Q, then the full subquiver between the correpondinng vertices in Q T ′ is the same as Q R . There are two cases. First, there is no arrow between γ and a vertex in Q R except for at most one vertex. As Co(t ′ , γ ′ ) ⇔ (t ′ ) γ ′ = t ′ , we have either θ(t) = t ′ or θ(t) = (t ′ ) γ ′ for all t ∈ Q R , which implies that θ(R) holds. Second, γ has arrows from/to at least two vertices in Q R . Then Q R is isomorphic to one of the quivers in (5.5) or (5.7) and γ must have arrows both to or both from vertices a, e. This forces that there is no arrow between a and e, i.e. Q R is a quiver in (5.4), say the left one, and R = Co(c ae , b). Then either θ(t) = t ′ or θ(t) = (t ′ ) γ ′ for both t = a, e. Moreover, θ(t) = t ′ for t = b, c. With Co(γ ′ , b ′ ), Co(γ ′ , c ′ ), it is straightforward to check θ(R) holds.
5.2.
The main result. By Lemma 2.10, BT(S △ ) = BT(T) for any triangulation T of S △ , i.e. BT(S △ ) admits a set T * of generators, w.r.t. T. We proceed to prove that the braid twist group is isomorphic to the braid groups associated to quivers with potential from triangulations. We shall need the following two lemmas.
Lemma 5.4. Suppose that we have the following configuration of closed arcs with corresponding variables for some integers
Suppose that the following relations hold (for β, γ ∈ {η j , a, b | l ≤ j ≤ r}):
• Co(β, γ) if the corresponding arcs are disjoint.
• Br(β, γ) if the corresponding arcs share an endpoint.
• Tr(b, η k+1 , η k ) and Tr(b, η s , η s−1 ).
the green arcs in the figure above) and then we have the relation
which would correspond to the violet arcs in the configuration above. It is straightforward to see that Co(a, u), Co(a, v) holds. Conjugating (5.12) with η −1 · · · η l and then with η 2 · · · η r , we obtain Co(a, b xy ), which holds as a commutes with all of b, x, y.
Similarly, we have the following.
Lemma 5.5. Suppose that we have the following configuration of closed arcs with corresponding variables for some integers
• Co(β, γ) if the corresponding arcs are disjoint (a and b are disjoint here).
• Tr(b, η k+1 , η k ), Tr(a, η s , η s−1 ). 
Lemma 2.10 = ======= = BT(S △ ), (5.14)
sending the generators γ to the braid twists η for η = γ * ∈ T * . Moreover, it is compatible with the the canonical isomorphisms in Proposition 5.3 , in the sense that the diagram
commutes, where T ′ = µ ? γ (T) the backward/forward flip of T at γ for ? = ♭ or ♯. Note that under (5.14), we obtain a finite presentation (as in Definition 5.1) of BT(S △ ) for each triangulation T.
Proof. First, choose the triangulation T 0 of S △ as shown in Figure 11 . Then only the first three types of relations (in Definition 5.1) occur in Br(Q T 0 , W T 0 ). Hence, by Lemma 2.2, the group homomorphism κ T 0 is well-defined. Clearly, κ T 0 is surjective. To show that it is injective, we only need to show that
generates the relations of BT(S △ ). Assume that ℵ ≥ 4. By Remark 4.9, we can consider the set of relations in Theorem 4.8, cf. Figure 6 . It is easy to check the first five relations while the last two follows from Lemma 5.4 and Lemma 5.5 respectively, taking η 0 = κ T 0 (σ 1 ), η −1 = κ T 0 (x) and η 1 = κ T 0 (y). For the case ℵ ≤ 3, we have that either g = 1, b = 1, or g = 0, b ≤ 2. A direct calculation can give the bijection κ T 0 .
Next, using commutativity in diagram (5.15) as definition, we obtain an isomorphism κ T 1 for any (forward/backward) flip µT 0 = T 1 . It is straightforward to check that this isomorphism satisfies the condition that sending γ ∈ T 1 to the corresponding braid twist η = γ * ∈ T * 1 . Hence, any mutate sequence p from T 0 to T induces an isomorphism κ T satisfying the condition above. This implies that κ T does not depend on p. Hence, the theorem holds for any triangulation in the connected component of the exchange graph EG(S △ ) (of triangulations with flips, cf. [17, Definition 3.4]) containing T 0 . By [17, Figure 11 . A triangulation of S △ Remark 3.10], all components of the exchange graph EG(S △ ) are identical, hence the theorem holds in general.
Recall that we have the following result from the prequel. Hence we obtain the following corollary, which provides finite presentations for spherical twist groups. 
admits a finite presentation given in Definition 5.1, where S i is the spherical object that corresponds to the arc γ i in T.
We also have the following infinite presentations for these twist groups.
Theorem 5.9 (Infinite presentations). The group BT(S △ ) admits the following presentation:
• Generators: the braid twists of simple closed arcs on S △ ;
• Relations: all conjugation relations, i.e. for any simple closed arcs α, β,
Similarly, ST(Γ T ) also admits the following presentation • Generators: the spherical twists of (reachable) spherical objects in
• Relations: all conjugation relations, i.e. for any (reachable) spherical objects
Proof. The first one follows from the following three facts.
(1) The relations in Definition 5.1 are either commutation or braid between braid twists of conjugations of closed arcs, which are still closed arcs. (2) Commutation/braid relations of two arcs are given by the corresponding conjugation equality. More precisely, in the commutation case, we have
in the braid case, we have 
for any 1 ≤ r, t ≤ 2g + b − 1. 
The relations (4.46), (4.47), (4.48) and (4.49) hold if the following relations hold, respectively.
Proof. Using conjugation by h := τ t σ 2 y, we have Using conjugation by h ′ := σ 2 σ 1 σ 3 , we have Proof. To show (A.3), note that by (4.14), we have v t,r = x A , where A is generated by τ t and τ r . So by (4.13), we have Co(A, σ 3 ). Then Proof. By Lemma A.5, we only need to consider the case when t = r and t = s. By Lemma A.7, any relation or conjugation equality from topology (using Lemma 2.2) concerning curves generated by σ i 's and at most two τ r 's becomes a relation or conjugation equality in N via replacing σ i by σ i and replacing τ r by τ r .
To show (A.5) (for s < r and s / ∈ 2N ≤g − 1), there are the following cases.
(1) If t < s < r and t = 2N ≤g − 1, we have v t,r = τ To show (A.6) (for s < r and s ∈ 2N ≤g − 1), we need to consider the following cases.
(1) If t < s < r and t / ∈ 2N ≤g − 1, we have v t,r = τ To show (A.9) (for s < r and s / ∈ 2N ≤g − 1), there are the following cases.
(1) If t < s < r and t = 2N ≤g − 1, we have v ′ t,r = τ r , τ
r , τ To show (A.10) (for s < r and s ∈ 2N ≤g − 1), we need to consider the following cases.
(1) If t < s < r and t / ∈ 2N ≤g − 1, we have v ′ t,r = τ • Generators: a, b, c, e.
Br(a, b), Br(a, c), Br(e, b), Br(e, c), Co(a, e), Co(c ae , b).
Proof. We shall prove that the relations Br(a b , c) and Br(e b , c) hold. Lemma B.8. If f = e k , b = e h , Br(e, c), Br(e, h), Co(k, a), Br(e, k), Br(a, c), and Br(e, a) hold, then we have Co(e, f abc ) ⇐⇒ Co(c, k eah ).
Proof. Co(c, k eah ).
